We consider three-loop radiative-recoil corrections to hyperfine splitting in muonium generated by the gauge invariant set of diagrams with virtual light-by-light scattering block. These corrections are enhanced by the large logarithms of the electron-muon mass ratio. We present the results of an analytic calculation of the single-logarithmic radiative-recoil corrections of order α 2 (Zα)(m/M )E F to hyperfine splitting in muonium generated by these diagrams.
I. INTRODUCTION
Muonium is one of the best studied purely electrodynamic bound states. The hyperfine splitting (HFS) in the ground state of muonium is measured [1, 2] with error bars in the ballpark of 16-51 Hz. A new higher accuracy measurement of muonium HFS is now planned at J-PARC, Japan [3] . The results of QED calculations of the HFS interval are usually organized in the form of a perturbation theory expansion in α, Zα, m e /m µ . Some of the terms in this expansion are enhanced by large logarithms of the fine structure constant and/or electron-muon mass ratio. The current theoretical uncertainty of the HFS interval is estimated to be about 70-100 Hz, respective relative error does not exceed 2.3 × 10 −8 (see discussions in [4] [5] [6] ). Still unknown three-loop purely radiative corrections, three-loop radiative-recoil corrections, and nonlogarithmic recoil corrections (see detailed discussion in [5, 6] ) are the main sources of the theoretical uncertainty. Measurement of the HFS in muonium is currently the best way to determine the value of the electron-muon mass ratio.
The value of α 2 (m µ /m e ) is obtained from comparison of the HFS theory and experiment with the uncertainty that is dominated by the 2.3 × 10 −8 relative uncertainty of the HFS theory [6] . Improvement of the HFS theory would allow further reduction of the uncertainty of the electron-muon mass ratio. A detailed analysis [4, 5] shows that reduction of the theoretical error of HFS theory in muonium to about 10 Hz is a realistic goal. As a step in this direction we consider below three-loop radiative-recoil contributions to HFS generated by the light-by-light (LBL) scattering diagrams in Fig. 1 (and by three more diagrams with the crossed photon lines). The radiative-recoil corrections due to the LBL diagrams in Fig.   1 are additionally enhanced by the large logarithm of the electron-muon mass ratio. The logarithm squared contribution was calculated long time ago [7] . Below we calculate the single-logarithmic radiative-recoil contribution.
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FIG. 1. Diagrams with light-by-light scattering block
We will follow the general approach to calculation of three-loop radiative-recoil corrections to HFS developed in [7] [8] [9] [10] [11] [12] [13] [14] and start with the general expression for the LBL scattering contribution in Fig. 1 (see, e.g., [4, 5] )
where k µ is the four-momentum carried by the upper photon lines, q µ is the four-momentum carried by the lower photon lines, m is the electron mass, M is the muon mass, Z = 1 is the muon charge in terms of the electron charged used for classification of different contributions, and S αβµν is the light-by-light scattering tensor. The Fermi energy is defined as
where m r is the reduced mass. The angle brackets in Eq. (1) denote the projection of the γ-matrix structures on the HFS interval (difference between the states with the total spin one and zero).
The contributions to HFS of the first two diagrams coincide and with account for three more diagrams with crossed photon lines not shown explicitly in Fig. 1 we can represent the LBL block as a sum of two contributions, the first one corresponding to the first two (ladder) diagrams in Fig. 1 and the second one corresponding to the last (crossed) diagram
where
The integral in Eq. (1) contains both nonrecoil and recoil corrections to HFS that are partially already calculated (see [4, 5] for a collection of these results)
The leading nonrecoil term in Eq. (6) is generated by the nonrelativistic pole in the muon propagator 1
and was calculated in [15, 16] . This is a numerically dominant contribution and it should be extracted analytically from the expression in Eq. (1) before calculation of the radiative-recoil corrections.
The diagrams in Fig. 1 contain three loop integrations and each of them could in principle generate a large logarithm of the electron-muon mass ratio. The strongly ordered region of integration momenta m ≪ k ≪ p ≪ q ≪ M would produce logarithm cubed contribution but it turns into zero due to the tensor structure of the LBL block and fermion factors in this region [8] , see below. The large logarithm squared, calculated in [7] arises from two
Our current goal is to calculate single-logarithmic contribution is Eq. (6), and as a preliminary step we would like to separate the large logarithm squared contribution. First we recalculate the logarithm cubed and logarithm squared corrections in an intuitively transparent way. We will elucidate the origin of different contributions to the logarithm squared term what will help us to derive a convenient expression for calculation of the single-logarithmic contributions.
II. LEADING LOGARITHMIC CONTRIBUTION
We start calculation of the integral in Eq. (1) with the loop integration in the LBL scattering block. This block is a four-index tensor that is a function of four-momenta k and q. Tensor indices are contracted with the conserved antisymmetric electron and muon
As a result only the tensor structures that are odd in k and in q and are antisymmetric with respect to transposition of indices (α, β) ↔ (β, α) and (µ, ν) ↔ (ν, µ) give contributions to HFS. All tensor structures containing k α , k β , q µ , and q ν do not contribute to HFS. Then for our purposes the LBL scattering tensor depends only on two independent structures
Due to symmetries of the electron and muon factors in Eq. (8) all terms in the tensor structures on the RHS in Eq. (9) give identical contributions to HFS, and in the calculations below we will use more compact expressions
The general expression for the LBL scattering tensor in Eq. 
Combining denominators in the expression for the crossed diagram with four different denominators in Eq. (12) with the help of the Feynman parameters x, y, z, we obtain
The additional parameter ξ is equal one in Eq. (13) (3) it remains to calculate the integral over the loop momentum and to write the result in terms of the independent tensor structures in Eq. (10).
The final expression for S αβµν is rather cumbersome and will be presented below when we will use it for calculation of the single-logarithmic contribution in Eq. (6). We do not need that general expression for discussion and calculation of the logarithm squared terms below.
A. The Region of Strongly Ordered Momenta
Large logarithmic contributions to HFS arise from logarithmic integrations in the region of strongly ordered momenta m ≪ k ≪ q ≪ M where the expression in Eq. (1) simplifies
The factor with the large mass M is of order one when q ≪ M and integrations over q and k are logarithmic only if the LBL scattering tensor supplies a factor k/q. There are many ways how such factor arises in the expression for S αβµν . The leading contribution of this type could arise from the logarithmic integration over the loop momentum p in the region
The integrand in the expression for the crossed diagram in Eq. (5) 
B. Logarithm Squared Contribution
The logarithm squared contributions arise in two integration regions
that are obtained from the region of strongly ordered loop momenta in Eq. (16), when we lift the strong ordering requirement and allow two of the three loop momenta to be of the same order. For calculational purposes we introduce an auxiliary parameter m ≪ σ ≪ M that separates the regions of large and small momenta and should cancel in the final results.
As we have seen the LBL scattering tensor does not generate leading logarithmic terms of the type (k/q) ln(q/k), and hence logarithms (k/q) ln(σ/k) and (k/q) ln(q/σ) do not arise in the large and small integration momenta regions in Eq. (18) .
To isolate the logarithm squared contributions we expand ladder and crossed contributions to the LBL scattering tensor in Eq. (3) in the regions of small and large momenta in Eq. (18) and look for contributions of order k/q. The ladder contributions of this type arise from expansions both in the small and large momentum regions
The low momenta integral in Eq. (19) is superficially linearly divergent at the upper limit.
This is an artificial divergence introduced in the integral when have thrown away momentum p in comparison with q in one of the denominators. We will deal with this divergence below extracting contributions of order k/q from the integral in Eq. (19) . Notice also that in the large momenta region the integral in Eq. (20) generates a contribution of the form k/q after expansion of the integrand up to the second order in k/p. (20), after expansion of the integrand up to the second order in k/p
Now we are ready to calculate the logarithm squared contributions to HFS. We rationalize and combine denominators in Eq. (19) (14), and extract the contributions proportional to k/q from the respective integrals. Let us illustrate necessary transformations considering as an example calculation of the small momenta ladder contribution in Eq. (19) . In this case we need only one Feynman variable y in Eq. (13), other variables are fixed, x = 1, z = 0. We obtain
Next follows shift of the integration momentum p → p + k(1 − y) in this formally linearly ultraviolet divergent integral. As usual a finite surface term arises after such shift (see, e.g., [17] ). Further transformations are pretty standard, we calculate the trace, make the Wick rotation, preserve only the contributions proportional to k/q, calculate the integrals, extract the terms proportional to the tensor structures in Eq. (10), and obtain a finite result
Notice that the coefficient before the formally linearly divergent contribution turned into zero automatically. Calculation of the contributions in Eq. (20) and Eq. (21) is no more difficult, and we obtain
Finally, the total contribution to the LBL scattering tensor S αβµν of the type k/q arising in the region in Eq. (18) is the sum of the contributions in Eq. (23)-Eq. (25)
Comparing the small momenta contribution to the LBL tensor 2L αβµν [p ≤ σ] (see Eq. (23)) with the final expression above we see that the small momenta contribution to S αβµν is equal the large momenta contribution. Next we substitute the LBL tensor in Eq. (26) in the expression for HFS in Eq. (15) and contract Lorentz indices
Averaging over directions of k we obtain the ladder and crossed contributions to the LBL tensor
Then the total LBL scattering tensor in this regime has the form
and the logarithm squared contribution to HFS can be written as
The logarithm squared contribution arises in the integration region
and we calculate it using, after the Wick rotation, four-dimensional spherical coordinates and preserving only the logarithmic contribution
This logarithm squared contribution was obtained in [7] .
Another way [18] to calculate this contribution is to notice that it is intimately connected with the two-loop renormalization of the axial vector current first calculated by Adler long time ago [19] . Consider the leading recoil correction to HFS generated by the graphs with two-photon exchanges in Fig. 2 . Respective contribution to HFS is given by the expression in Eq. (1) without the LBL scattering block. The antisymmetric electron-line and and muon-line spin factors in Eq. (8) can be written in the form
+
FIG. 2. Diagrams with two-photon exchanges
Then the leading recoil contribution to HFS has the form
We see that the leading recoil contribution to HFS is determined by the matrix element of the electron axial current calculated at the characteristic virtuality q. The first radiative correction to this matrix element is of order α 2 ln(q 2 /m 2 ) and arises at two loops [19] (see 
Substituting this renormalization factor in the expression for the leading recoil correction in Eq. (35) we obtain the leading recoil correction accompanied by the logarithm squared contribution in Eq. (33) 25)) arises in the integration region k ≤ σ ≤ p ∼ q, where both lower loops in all diagrams in Fig. 1 effectively shrink to a point. Therefore, contribution to the axial current renormalization generated in this region can be considered as a pure regularization effect, for example contribution of a heavy regularizing fermion that survives when the fermion mass goes to infinity.
III. SINGLE-LOGARITHMIC CONTRIBUTION
Calculation of the single-logarithmic contribution to HFS requires more accurate treatment of the LBL scattering tensor in Eq. (3). Calculating traces in Eq. (11) we obtain
Then after the shift in Eq. (13) and calculation of the loop integral the LBL scattering tensor can be written in the form
where (see Eq. (11))
and
The additional parameter ξ in Eq. (41) arises when we separate the ultraviolet divergence in the logarithmically divergent integral
As was explained above the LBL scattering tensor is contacted with the odd in k and in q tensor structures and the even ultraviolet divergent term in the square brackets does not contribute to HFS and can be thrown away.
It is easy to check that the terms on the RHS in the first lines in Eq. (41) and Eq. (42) reproduce the leading ladder and crossed contributions to the LBL scattering tensor in Eq. (26) and generate the logarithm squared contribution to HFS in Eq. (33).
At the next step we calculate the integral over momentum k of the upper photons in
Eq. (1) T (q 2 , q 0 ) = 1 2
where we used the symmetry of the integrand under simultaneous substitution k → −k and q → −q to get rid of the second term in the first brackets on the RHS in the first line. In terms of T (q 2 , q 0 ) the contribution to HFS in Eq. (1) has the form
We calculate T (q 2 , q 0 ) combining denominators with the help of additional Feynman parameters u and t (the four-vector Q and the scalar ∆ on the RHS depend on the parameters x, y, z, ξ, u, and t)
The four-vector Q has the form
where τ µ = (τ, 0) and to calculate the integral over k we shift the integration variable
Contractions of matrix structures in Eq. (44) are calculated using relationships in Eq. (27) and Eq. (28). Five different tensor structures arise in calculations, and after the shift of integration variable in Eq. (49) they reduce to
Now we are ready to obtain explicit integral representations for the ladder T L (q 2 , q 0 ) and
The ladder contribution can be written as a sum of nine integrals
where (x = 1 in all formulae below and ξ = 1 in all expressions except T L,6 )
The crossed diagram contribution can be written as a sum of three integrals
where (ξ = 1 in all formulae below)
T C,3 = 1 2
All logarithmic contributions to HFS can be obtained from the large momentum expansion of T (q 2 , q 0 ). The leading term in this expansion we already obtained in Eq. (31)
We are going to calculate the next terms in the large q expansion of T (q 2 , q 0 )
where κ 1 and κ 2 are the numerical coefficients to be calculated. 
